SPRINGER BRIEFS IN MATHEMATICS

George A. Anastassiou

Approximation
by Multivariate

Sinqular Integrals

@ Springer




SpringerBriefs in Mathematics

For further volumes:
http://www.springer.com/series/10030






George A. Anastassiou

Approximation by
Multivariate Singular
Integrals

@ Springer



George A. Anastassiou

Department of Mathematical Sciences
University of Memphis

Memphis, TN 38152

USA

ganastass @memphis.edu

ISSN 2191-8198 e-ISSN 2191-8201

ISBN 978-1-4614-0588-7 e-ISBN 978-1-4614-0589-4
DOI 10.1007/978-1-4614-0589-4

Springer New York Dordrecht Heidelberg London

Library of Congress Control Number: 2011933230
Mathematics Subject Classification (2010): 41A17, 41A25, 41A28, 41A35, 41A36, 41A60, 41A80

© George A. Anastassiou 2011

All rights reserved. This work may not be translated or copied in whole or in part without the written
permission of the publisher (Springer Science+Business Media, LLC, 233 Spring Street, New York,
NY 10013, USA), except for brief excerpts in connection with reviews or scholarly analysis. Use in
connection with any form of information storage and retrieval, electronic adaptation, computer software,
or by similar or dissimilar methodology now known or hereafter developed is forbidden.

The use in this publication of trade names, trademarks, service marks, and similar terms, even if they are
not identified as such, is not to be taken as an expression of opinion as to whether or not they are subject
to proprietary rights.

Printed on acid-free paper

Springer is part of Springer Science+Business Media (www.springer.com)



To my wife Koula and my daughters
Angela and Peggy






Preface

This short monograph is the first to deal exclusively with the study of the
approximation of multivariate singular integrals to the identity-unit operator. Here
we study quantitatively the basic approximation properties of the general multivari-
ate singular integral operators, special cases of which are the multivariate Picard,
Gauss-Weierstrass, Poisson-Cauchy and trigonometric singular integral operators,
etc. These operators are not general positive linear operators. In particular we
study the rate of convergence of these operators to the unit operator, as well as
the related simultaneous approximation. These are given via inequalities and by
the use of multivariate higher order modulus of smoothness of the high order
partial derivatives of the involved function. Also we study the global smoothness
preservation properties of these operators. Some of these multivariate inequalities
are proved to be attained, that is sharp. Furthermore we give asymptotic expansions
of Voronovskaya type for the error of approximation. These properties are studied
with respect to Lp norm, 1 < p < oo. The last chapter presents a related Korovkin
type approximation theorem for functions of two variables. Plenty of examples
are given.

For the convenience of the reader, the chapters are self-contained.

This brief monograph relies on author’s last two years of related research work,
more precisely see author’s articles in the list of references of each chapter.

Advanced courses can be taught out of this short book. All necessary background
and motivations are given per chapter.

The presented results are expected to find applications in many areas of pure
and applied mathematics, such as mathematical analysis, probability, statistics and
partial differential equations, etc. As such this brief monograph is suitable for
researchers, graduate students, and seminars of the above subjects, also to be in
all science libraries.

The preparation of this book took place during 2010-2011 in Memphis,
Tennessee, USA.
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I would like to thank my family for their dedication and love to me, which was
the strongest support during the writing of thismonograph.

Department of Mathematical Sciences George A. Anastassiou
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Chapter 1
Uniform Approximation by General
Multivariate Singular Integral Operators

In this chapter, we present the uniform approximation properties of general multi-
variate singular integral operators over R¥, N > 1. We give their convergence to the
unit operator with rates. The estimates are pointwise and uniform. The established
inequalities involve the multivariate higher order modulus of smoothness. We list the
multivariate Picard, Gauss-Weierstrass, Poisson Cauchy and trigonometric singular
integral operators where this theory can be applied directly. This chapter relies
on [2].

1.1 Introduction

The rate of convergence of univariate singular integral operators has been studied
in [1,7-9, 11, 12], and these works motivate the current chapter. Here we consider
some very general multivariate singular integral operators over RY, N > 1, and
we study the degree of approximation to the unit operator with rates over smooth
functions. We present related inequalities involving the multivariate higher modulus
of smoothness with respect to ||-||,,. The estimates are pointwise and uniform.
See Theorems 1.9, 1.11. We mention particular operators that fulfill our theory.
The discussed linear operators are not in general positive. Other motivation comes
from [4, 5].

1.2 Main Results
Herer e N, m € Z, we define

(1) (’.)j—m, =12
o) 1= . (L.1)
1—2(—1)”"(;)"_"” if j =0,

i=1

G.A. Anastassiou, Approximation by Multivariate Singular Integrals, 1
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2 1 Uniform Approximation by General Multivariate Singular Integral Operators

and
s = Za[";]j", k=1,2,....meN. (1.2)
See that
>aln =1 (1.3)
jr =0 :
j=0
and

By 1>”( )—(1)() (1.4

j=l1

Let g, be a probability Borel measure on RV, N>1,§ >0,neN.
We now define the multiple smooth singular integral operators

O (fixi, .. xy): —Za[’"]/ F G151/, %0+ 82), - xnFsn /) dig, (5),
(1.5)

where s := (s1,...,88), X = (x1,....xy) e RY:n,r e Z,me Z+,f:RN — R
is a Borel measurable function, and also (§,), ¢y is a bounded sequence of positive
real numbers.

Remark 1.1. The operators Gr[f',f] are not in general positive. For example, consider

the function ¢ (uy,...,uy) = Z,N—H‘l and also take r = 2, m = 3; x; = 0,

i=1,...,N.Seethat ¢ > 0, however

N

05 (¢:0,0,....0) = Z el / (Zsf)d%(s)

i=l1

N

(a2l [ (2 ) dpte, (s)

i=1

= (_2+ ;)/ (Zs )d%(s) <0, (1.6)

i=1

N
assuming that [py (Z slz) dpg, (s) < oo.
=1

i=
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Lemma 1.2. The operators 0}?:;] preserve the constant functions in N variables.

Proof. Let f (xy,...,xy) = c, then

,
Ol (cixi.. o xn) =) a%]/ cdpg, (s) = c.
. Rn
j=0

We need

Definition 1.3. Let f €Cp (RN ), the space of all bounded and continuous func-
tions on RY. Then, the rth multivariate modulus of smoothness of f is given by
(see, e.g. [6])

w, (fih) = sup || A (f)“oo <00, h>0, (1.7)
«/u%-‘r...-&-u?vﬁh

where ||| o is the sup-norm and

Al f(x) = A;mzwwf (X1,...,XN)

= Z(—l)r_j (;) f 1+ ju,xo+ jus, ..., xy + juy). (1.8)

j=0

Letm € Nandlet f € C™ (RV).
Suppose that all partial derivatives of f of order m are bounded, i.e.

A A ORI
—];( @ ) < 00, (1.9
oxy L0y (o
foralle; € Z1, j = 1,...,N;Z;V:1aj =m.
We make
Remark ]42 Let [ = 0,1,...,m. The Ith order partial derivative is denoted
by fu:i= %, where o:= (a,....ay), @i € Z*,i = 1,....N and |a| :=
Yo =1.
Consider g.(t) := f (xo +t (z— x0)), t > 0; x9,z € RV.
Then

N j

. 0

g = (Z (zi — xo0i) 8_) flxor + 1z —xo01) . ..., Xon+t (zv—Xon))
i=1 i

(1.10)
forall j =0,1,...,m.
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We have the multivariate Taylor’s formula, [3]:

f,...ozv) = g:(1)

m0) -
-2 gzj!(O) T /0 (1= 6)""" ("(0) — g (0)) dO

j=0
(1.11)

Notice g,(0) = f (xp). Also for j = 0,1,...,m, we have

g (0) = >

= ezt
a:=(ay,....ay), %GZ l_lai!
i=1..N, |a|:= Z ai=j \ =1

N
(]_[ (@ — in)“f) fu (o). (1.12)

i=1

Furthermore,

g™ () = > = (]‘[ (zi — xoi) )fa (x0 + 6 (z— x0)) ,
oa:=],...,.0 i + =1
(@1, ), %:EZ H !
i=1,..,N, |a|:= Z aj=m \ j=1

(1.13)
0<6<1.
We apply the above for

2= (21, ..r2n) = (X1 + 51/, %+ 82), ..., XN + S8 J) = X + 5/,

and
Xo = (Xo1,....Xon) = (X1,X2,...,XN) = X,
to obtain
(/)
. N gx+sj() 1
S +s1j,xn +SN])—gx+sj(1)—Z i =1

j=0
! L (m)
x /O (1_9)m_ g;ﬂ,(@) gmj(O))de,
(1.14)

where g1 (f) := f(x +1(sj)).
Notice gy+45;(0) = f(x).
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Alsoforf =0,1,...,m we have

o
Do= % = (H (5] )%) 019
a:=(ay,....ay), a,€Z+ Oli- i=l
i=1,...N, |a|:= Z ai=j ll:[l

Furthermore, we get

N
gl (0)/m! = ) - (H <s,»j>°'f) Ju (x40 (5)).

a:=(ay,...ayn), Dt,' ez, 1_[ o ! i=l1
i=1,..N, |a|:= Z ai=m

(1.16)
0<6=<1
For j = l,....m and a := (ai,...,ay), &; € 7Zt.i = 1,...,N,
|| := Z,N=1 «; = J, will be proved that
Cy can:—/ Hs“’dy,gn(s],.. ,sy) R, (1.17)

i=1

see (1.35).
Consequently, we derive

n gl O )
>

S 1
=>j > = Can fu(X) | . (1.18)
j=1 a:=(ay,....aN), a,EZ 1_[051
i=1,..,N, |a|:= ZC{,—] i=1
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Next we observe that

—1 : m m
o L ([ a0 (2,00 - €2, 00) a8 e

1
=mj" 2.
a:=(aq,..., aN),al-EZ"’,
N

—
e
i=l1

i=1,..N, |la|:=> ai=m

i=l1

N 1
([ (]_[ 5! / (1= 0" [fo (x + 0 (5/)) = fulx)] d0) dpug, (S)) :
RY \; 0

(1.19)
‘We further make
Remark 1.5. We further notice that
600 (fix) = fx) = Do) /R ) = S dug () = Dol
j=0 j=0
x+sj (0) 1 _ pgym—1 (m) _,m
[, [Z At ), -0 (£ 022y ) 6 dps ).
j=

(1.20)

That is

m (-7)

r (0
Al = 60 (f:2) = () = )l ( / (Z ot )) dyis (s))
=0 RN J:

_ 1 ~ Dl ( RPN
- (et [ ([ o

x (% (0) — g%, 0) dQ)dMs,, (s))

=: RI". (1.21)
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We see that

Al ) = 610 (f1x) — (@) - Za['"lzj Y Cenfe®)
Jj=1 j= at,....an =0: 0
lo|=7 ]_[oe,.

= 6 (f10)— ) — Z(Zaﬁ’")ﬂ) y, Cenlul)
oV s [

=60 (fix) = f(x) = Zé’[”’] 3 C“Nfﬁ . a2
j=1 ez g

So we have proved that

Ay = ol (fi0 = = 80 # . (1.23)

f:l O yeeny aN;OI 0
ler|=j i

We also make

Remark 1.6. We observe that

=Tl T |

(/ (1_[ Sot, / (1 G)m 1 (fa (X +0 (S])) — fot(x)) dﬁ) d/,l,gn (S)>
i=1

(1.24)
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1
=m )
N
( ) HO[,'!
A yeney ay>0:
i=1

la|=m

N 1 r
RE G ) oe[-”;]jm
(LT oy

X (fa (x +0(s))) = fu(x)) d9)dﬂs,, (S))

x| L (f1 [

N
( ) HO[,‘!
A,y ay>0:

i=l1

lor|=m

[Z (D) oo i+ o () féx(X)}d@)d/xsn <s>)
j=l

(1.25)

=m Y ! .(AN(ﬁllsfifol(l—e)m—l.

N
o,y =0 N
ler|=m [ o
i=1

[Z(—l)"‘f ( ;) fo (x40 (57)) ]d@)dugn (s)). (1.26)

J=0

We have proved that

N 1
(/RN (]’[s,.“i/o (1—0)""" (A}, fu(x)) d9) d,%(s)). (1.27)
i=1
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‘We further make

Remark 1.7. We observe that

i=1

N 1
(/RN (H |Si|°‘i/0 (1—6)"! |Agsfa(x)|d9> dpue, (s)) (1.28)
i=l1

sz !

N
ap,...,ay >0 1_[ N
la|=m o
i=1

N 1
(/1; (H | / (1= 6" |1 Ap, fulloo d@) diee, (s))
i=1

N 1
(/RN <E|Si|ai/0 (1—60)"" o (fy.0 ||s||2)d9) d%(s)>

1 N
= Z N (/};N (U Isi|“ @ (far ||S||2)) dpug, (S)) .

(1.29)
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So far we have established

1 N ,
LAEEDYN ( / X <H|sz~|“' or (fu- ||s||z)) dieg, (s))
o ...y >0 N R i=1
la|=m nal'
i=1
! u Is|
= Z < (/N (l_[ Is; % , (fa £, 5—2)> dpug, (s))
aof,....an >0 N R i=l1 n
lel=m l_[“v
i=1
(1.30)
(using the fact
o (fiAu) < (1+ 1) o (fiu), (1.31)

A,u > 0, we get)

0; (fur 1) AN ( llsl> )"
=y |eles) (A(E|s|) 1+ ) dusn(s))-

N
[T
A,y ay >0

i=1

(1.32)
We have proved that

o (foor &) AN sl \"
< > — (/RN (U|Si| )(1+S_nZ) dll«sn(s))

R

We also make

Remark 1.8. Notice that for || = m:

N
A;N (]_[ Isil“") dpse, (s) (1.34)

i=1

N r
= /RN (11:[1 |si|0‘i> (1 + ”;%) dpug, (s) < oo,

by the assumption in Theorem 1.9, next.
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Hence
N
[Can| < / (1_[ |si|ai) dl’Lén (s) < o0, (1.35)
A
forall o : (or1,...,on) : o] ;==Y 0 =m,a; € ZT.
Hence also

AN |si]™ dpg, (s) < oo, (1.36)

foralli = 1~,...,N.
Letl < j <m—1, then

[ s aus o= ([ (1) aus0)
_ (/ I, dpse, (s))' < 0. (1.37)
RN

That is for 1 < f < m — 1, we obtain that

I ~a

S~

/RN |si|fdug,1 (s) < oo. (1.38)

Letf:l,...,m— I; o= (ay,...,ay), 0 € ZY,i=1,....N, |a] := vazl
@ = j. Thatis Y0, (‘j—i) = 1. Hence

N ' N . j g;L
[ Tt ans 0 <7 ( S (151)7 de, (s>) ’
i=1 i=l1
N a;

=11 (f]RN Isil dpee, (S)) < 0. (1.39)

i=1

~ |‘~

Therefore, it holds

N
/}; ) [ ]lsiI* dpse, (s) < o0 (1.40)

i=1

Based on the above, we present

Theorem 1.9. LetmeN, fe C"(RN), N>1, xe RN, Assume | Lol Coxiy
.X] XN
foralla; € Zt, j =1,...,N :|a| := Zj\’:laj =m.

Let g, be a Borel probability measure on RY, for &, > 0, (§,),en bounded
sequence.

< 00,
o0
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Suppose that for all @ = (ai,...,ay), o € Z*, i = 1,...,N, |a| :=
ZIN=1 «; = m we have that
- sl )"
ug, :=/ H|s,-|°” (1 + —2) dug, (s) < oo. (1.41)
BY \j=1 i
For | = I....m and a = (a1,...,ay), @; € Zt,i = 1,....N, |a| =
ZIN=1 a; = J, call
N
Can 1= Cy 7 1= /RN [[lsf“du& (512, 8N). (1.42)
Then
i)

EM) = |0 (fx) = fo) =D sy CN—f(x)

Jr
j=1 [F P aN;O: 0
lerl=7 ot

Bl < RS (143, (1.44)

Given that §, — 0, as n — oo, and ug, is uniformly bounded, then we derive
that H Em] — 0 with rates.

-

iii) It holds also that

o (-1 = Zm: ol M + R.H.S. (1.43),

j=1 ay,...,.an >0:

(1.45)
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given that || fy|lo < 00, forall a : |a| = j, j = 1,...,m. Furthermore,
as & — 0 when n — oo, assuming that c“ Flins 0, whlle ug, is uniformly
bounded, we conclude that

fHoo—>o (1.46)

with rates.
Case m = 0.

Remark 1.10. Here f € Cp (R") (bounded and continuous functions). We notice
that

0 (f:x) — f(x)

- Za“)] / () = () du (5)

= /R ) Y ol f e+ js) - (Z a[‘”) )d% (5) (1.47)
j=0

Il
o —

) Za[‘”f (x + js) — (Za[o]) ) dug, (5) (1.48)

S (5) e[S (7)) s | oo
= j = j

S (D) £+ (g )f(x)) i, 5)

Jj=1

I I
T T
= =

I
ﬁé\

>y (’)f(x+/s)) s () = [ | (A1) dus ()
=0 J RN
(1.49)

We established that

L (i = £ = [ (81700 dps, 0. (1.50
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Consequently, it holds

) (i) = 1] = [ 187001 s 0

< [ I8t ) = [0 (£ 15l dps )

— [ o (#6552 ) anso
< (fén)/ ( Is ”2) due, (5).

So we proved

o i - sl = ([ (14 52) snew)or 6.

VxelR.
Based on the above, we present

Theorem 1.11. Let f € Cg (RY), N > 1. Then

s r
(L (1 BE) aus0) o s,
RN %-n
under the assumption

D, :=/ (1 + m) dpug, (s) < oo.
RN Sn

Asn — oo and &, — 0, given that ¢, are uniformly bounded, we derive

—0

with rates.

1.3 Applications

Let all entities as in Sect. 1.2. We define the following specific operators:

(a) The general multivariate Picard singular integral operators:

(1.51)

(1.52)

(1.53)

(1.54)

(1.55)



1.3 Applications 15

1 r
[m]
ot - 1.56
e = (10

N N
o (&)
Nf(x1+s1],xz+sz],...,xN+sN])e & dsp...dsy.
R

Pr[’::] (f;xl,...,xN) =

Observe that

N
! ‘<f§§5il>d dsy = 1 (1.57)
—_— € n S1...4d5y = 1, .
(2‘é;_n)N RN

see [1].

(b) The general multivariate Gauss—Weierstrass singular integral operators:

W,[j,"] (fix1,....,xy) i= Za[’”] (1.58)
<E>Nf =

)

i=1"'

/Nf(x1 + 817, X2+ 82, ..., xy +syj)e & dsy...dsy.
R

Notice that

i £7)
WAN e dS1 dSN = 1, (159)

see [7].
(c) The general multivariate Poisson—Cauchy singular integral operators:

U (fixr,..xy) = WNZa[’”] (1.60)
j=0
——dsy...dsy,
[ f(xi+s1j xN-I-SN])l]j[l 2a+;§2a)/3 S1 SN
with o € N, ,8>2a,ad
T 2af—1
W, = (P) aki (1.61)

M) T (8= %)

see [8].



16 1 Uniform Approximation by General Multivariate Singular Integral Operators

Observe that
/ ]_[ ——————ds . dsy = 1 (1.62)
RN ¢ 2& 520;
i=1 1

see [8,13], p. 397, formula 595.
(d) The general multivariate trigonometric singular integral operators:

TV (fixi,... ) == Ay Nza['"] (1.63)
28
N [ sin (&)
/ f(x1+s1j,...,xN+ij)1_[ _— ds;...dsy,
RY i=1 i
where § € N, and
1—28 8 / k kP!
ni=28"Tr (DB ) (1) e, (1.64)
,; B~k + k!
see [9,10], p. 210, item 1033.
Notice that
28
N N (sin (é_;)
A /RN]_[ — ds;...dsy =1, (1.65)

see also [9, 10], p. 210, item 1033.
One can apply Theorems 1.9 and 1.11 to operators P[’”], W,E’,Z‘], U,[,’;’], T,F’,’,’J

(special cases of Qr[’Z]) and derive interesting results.
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Chapter 2
L ,-Approximation by General Multivariate
Singular Integral Operators

In this chapter, we present the L,, 1 < p < oo approximation properties of
general multivariate singular integral operators over RY, N > 1. We give their
convergence to the unit operator with rates. The established inequalities involve the
multivariate higher order modulus of smoothness. We list the multivariate Picard,
Gauss—Weierstrass, Poisson Cauchy and trigonometric singular integral operators
where this theory can be applied directly. This chapter is based on [3].

2.1 Introduction

The rate of L,, 1 < p < oo convergence of univariate singular integral operators
has been studied in [1,7-9], see also the related [11, 12], and these works motivate
the current chapter. Here, we consider some very general multivariate singular
integral operators over RY, N > 1, and we study the degree of approximation to the
unit operator with rates over smooth functions. The derived related inequalities are
involving the multivariate higher modulus of smoothness with respect to ||-|[ , . See
Theorems 2.4, 2.6, 2.8, 2.10. We mention particular operators that fulfill this theory.
The discussed linear operators are not in general positive, see [2]. Other motivation
comes from [4, 5].

2.2 Main Results

Herer € N, m € Z, we define
(1)~ (r.)j"", itj=1,2,...r
J

1= (= (;)"_’"’ if j =0,

i=1

2.1

G.A. Anastassiou, Approximation by Multivariate Singular Integrals, 19
SpringerBriefs in Mathematics, DOI 10.1007/978-1-4614-0589-4_2,
© George A. Anastassiou 2011
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and
.
5" :=Za[";]jk, k=1,2,....meN. 2.2)

See that

a1 @

j,r - £ .

j=0

and

—Z( 1)”( )—(1)() (2.4)

j=l1

Let g, be a probability Borel measure on RV, N >1, & >0,neN.
We now define the multiple smooth singular integral operators

Gr[’z](f;xl,.. XN —Za[m]/ S xi+s1j, x4 852 ..., xy +snj)due, (s),

2.5)

where s 1= (s1,...,5x), X := (x1,....xy) €eR¥:n,reN, meZ,, I RY >R
is a Borel measurable function, and also (§,), ¢y is a bounded sequence of positive
real numbers.

The operators Gr[’g] preserve constants, see [2].

Here, we deal with f € C™ (RY), m € Z7, with fo € L, RY), la| =m e Z7,

p > 1; where f, denotes the mixed partial aal—aafv, a; € Zt,j=1,...,N:
|Ot| :Z_/—lajz.;?f:l’ ,m
We need
Definition 2.1 (see also [6]).
We call
AL f(x) = Aul oy S (X150 XN) (2.6)

i 7 . . .
:ZZ(_I) j(j)f(xl+]M1,X2+]u2,...,xN+]uN),
=0

Let p > 1, the modulus of smoothness of order r is given by

o (1), = sup |AL(N],. 2.7

u2<

h > 0.
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I) First, we consider the case of m € N, p > 1.

We make
Remark 2.2. Forf~= I,....myand o := (oy,...,ay), 0 € ZT,i =1,...,N,
la| := Z,N=1 a; = j, under the assumption of Theorem 2.4,

N
Conj = Can = /]RN l_[sf"'dugn (s1,...,5y) €R, (2.8)
i=1

see also [2].
From [2], we obtain

Bl (0= 0l (0 — £ (0 = Yoo | 3 oo ) @9

Jr

T=l _7
j lo|= Hai!
i=1

—m - (AN<ﬂsﬁf/01(1—e)m—‘

lol=m HO[,‘!

i=1

X (Afy fo (¥)) d@) dpae, (s))

= R" (x), VYxeR". (2.10)

Let p,g>1:

g p p
Bl | = Rl o)

r.n

p

1

set ¢ 1= |m E
1 N

= | et
i=1
N 1
I1s /0 (1—60)""" (g, fu () df)) dpg, (s)

AN (i=l
N 1 P
<e ( /R ) (]‘[|s,-|°‘f /0 (1= 0" Ay, fo (x)|d9) disg, (s)) .

i=1
(2.11)

p

=Cl
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Hence, we have

I = / (E["ﬂ (x)) dx (2.12)

V4
< /RN (/RN (,l_ll|s |“'/ (1—=0)"""|AL f (x)|d0) due, (s)) dx

N 1
( Call0 <y (s, x) := 1_[ | ;% /0 (1—60)"" AL, fo (x)|dO )
i=1

P
= ¢ / (/ y (s, x)dpug, (s)) dx =: . (2.13)
RN \JRN
Therefore, it holds

I, < 01/ ([ yP (s, x) dug, (s)) dx =: Is. (2.14)
RN \JR¥V

But we have

1

reoo = [Tl ([ (0-er)'a ) ([ 135 coras)” cis

i=1

=]f[|s,-| ;([ A fa(X)I”dQ)]

i=1 (q(m—1)+ 1)«

Hence, we obtain

N 1 1
P 5.x) < |1~|‘W—p( |A"xfa(x>|f’de). (2.16)
ACREN Y Ll mmrrons: /0 '

Thus, we get

N 1
I <o / ([ 1‘[|s,~|“fp([ |Agsfa<x>|"d9)dugn(s))dx 2.17)
RV \JRVN 0
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(SEICZZICl-;p)
(g (m—1)+ 1)

ICZ/RN</ (/ ]_[|s,“P|A fa(x)|pdx) )dug”(s)
N 1
= ANDMW (/O (/RN | AL for (X)]7 dx) d@) dug, (s) =: Is. (2.18)

Consequently, we derive

N 1
ez [ Tt ([ (or G0 s1,)" 00) s,
i=1

N
=< Cz/ <1_[ |si] ap) wr (fas ||S||2)p dug, (s)

N P
= Cz/ (]_[ Isfl‘”"”) W, (fa;én IISIIz) dpug, (s) (2.19)
RV \j=1 & /o

(by o, (fLAh), < (1 + A1) o (f.h),. foranyh,A >0, p > 1)

vy}
< o (fui€)) ( / (]_[| 5i | ”) (1 + ”%) dpus, (s)). (2.20)

We have proved that

p

[m] (x)‘ dx < Z Nl . (Ll)

le|=m n“f’ (g (m—1)+ 1)«

o (fas &)y (/ [(]f[ls, )( ”“;llz)r}pdug,,(s)). (2.21)
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Thus, we derive (p > 1)

o], < ()| £ |

1 N
(q (m - 1) + l)q la|=m o)
il

i=1

N 7 %
[AN {(H |Sf|ai) (1 + “;ﬁ) } dpe, (S)} or (faibn),. (2.22)

i=1

We make
Remark 2.3. Notice that (p > 1)

N .
/RN (H |Si|“") (1 + ”;i) du, (5) (2.23)

i=1

< M ((ﬁ |sl-|”‘f) (1+ ”;%)r)pdusn (S)T <o,

i=1

by assumption of Theorem 2.4.
As in [2] then we get that

N
/N H si | dpg, (s) < o0. (2.24)
R

i=1

Hence, ¢, , 7 € R.

From the above, we have proved
Theorem 2.4. Let f € C" (RY), m e N, N > 1, with f, € L, (RY), |a| = m,
xeRN Letp,g>1: % + é = 1. Here, ¢, is a Borel probability measure on RV

for&, >0, (£,),cn bounded sequence. Assume forall @ := (a1, ...,ay),a; € ZT,
i=1,....,N,|a| = ZZNZI o; = m that we have

N P
AN ((H |Si|af) (1 + ”;i) ) dug, (s) < oo. (2.25)

i=1
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For | = 1~ ,m, and o =
SN o=, call
Then
|z = ot (i -
»
=<

( m
(gm—=1)+ 1)

(0[1,...,

Coni / Hs“‘dug,l (s).

f @)= 28['"] >

j=1 lo|=7

1
1 N

lo|=m l_[ai!
i=1

OlN),Oll‘ (S Z+,i =1,...

Copjto (X)

(1)

25
N, |a| =
(2.26)
(2.27)
DX

N P 1
|:[I;N |:(l_[ |Si|°‘i) (1 + ”g_i) :| d/,Lg” (S):| o, (fa,gn)p.
i=1 n

Asn — oo and &, — 0, by (2.27), we obtain that ” E[’”] ” — 0 with rates.

One also finds by (2.27) that

O (f:x)— f (x) Hp <

m
> |sr L full,
j=1 jal=7 ] Jest
i=l1
giventhat || fo , < oo, |a| = Si=1....m.

Assuming that ¢, 7

+ R.H.S. (2.27),

that is (9,[’7’1] — I the unit operator, in L, norm, with rates.

II) Case of m =0, p > 1.

‘We make

Remark 2.5. In [2] we proved that

o i = f @) = [ (85F @) dne, ©).

=—0,& — 0,asn — oo, we get HG}%(}‘)—f”p — 0,

(2.28)
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Let p,g >1:- 4 - = 1. Hence

1,1
P g

p p
= o= ([ 1a0r colae ) 2.29)

< [ I80F G di, ).

And it holds

08 (f:0) = f ()| dx (230)

W

/.
< [ ([ 1807 @1 s ) ax

-/ ([ IAEf(X)I"dX)dusn(s) 231
]RN RN

< [ ol ane ©

_ Isll> )"
= or | f.én dug, (s) (2.32)
RN Sn P

p
<o tre) [ (14 52) an 0.

n

Therefore, we obtain

CHORN (2.33)
< (/ (1 +m)md/xs (s>)’17w,-<f,sn> |
- RN g‘_n " ’ r

We proved

Theorem 2.6. Let f € (C(RY)NL,(RY)); N >1; p.g > 1: é+é = 1.
Assume [ig, probability Borel measures on RY, (£,),eny > 0 and bounded. Also
suppose

[ (1)
Mg, (5) < o0. (2.34)
RN Sn
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Then

-1

p %
: (/R (1 J%) Aty <S>) o, (f.6),-

27

(2.35)

As &, — 0, when n — oo, we derive || Qr[f’,} (f)— f”p — 0, ie. Qr[f’,! — I, the unit

operator, in L, norm.

IIT) Next follows the case m = 0, p = 1.
‘We make

Remark 2.7. As before we have

ol (rin = £ | = [ 1807 @ldpe, ©).

Hence

=1, = [ [os o - s e

< [ ([ 180 o ) ax
N /]RN (/RN |Asf ()] dx) dpg, (5)

< [ oGl ds, )

_ f o (f,sn@) djzs, (5)
RN %—n 1

<o (e [ (1452 a0,

We have proved

(2.36)

(2.37)

(2.38)

(2.39)

Theorem 2.8. Ler / € (C (RV)N L, (RY)), N > 1. Assume pg, probability

Borel measures on RV, (£,),en > 0 and bounded. Also suppose

/ (1 + m)l dpug, (5) < oo.
RN €n

(2.40)
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Then

o () — le (2.41)

< (/ (1 +%) due, (s)) o (F.6)1.
RN &

As &, — 0, we get Gr[f),} — [ in L norm.

IV)Caseof m e N, p = 1.
We make

Remark 2.9. We have

)

e,

1
ERY ()| dv =m Y

N

la|=m 1_[05 !

/. ([ (}'[l|sl “ / (-6 A fa(X)Id(?)dMs” (s))dx

(2.42)

_ 1
set ¢ ;= m Z N
la|=m l_[ai!

i=1

/ ]i[slm (/ (1—6)"" 1(/I;NIAgsfa(x)|dx)d9)dM§”(s)
=af,

N
(H i ) ( / (1= 0" 0y (8 I51), 90 ) s, ()

(2.43)

“I

=

§I“I

/ (1‘[ |s,|“') or (fa- lIs],); dice, ()
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1 - Is|
=> | AN (]_[ Is,-l"") o, (fa,én : 2)1 dug, (s) (244
la|=m l_[ai! i=1 n

i=l1

I A Isll, )"
< | oGt [ (T ) (1+22) a0,
lo[=m l_[oz‘! B iz &

i=1

(2.45)

We have proved

Theorem 2.10. Let / € C™ (RY), m,N € N, with f, € Li (RY), |a| = m,
x € RN, Here, ug, is a Borel probability measure on RN for &, > 0, (&,),en is

a bounded sequence. Suppose for all o := (ay,...,ay), 0 € ZT, i =1,..., N,
|| := ZIN=1 a; = m that we have
- Isll> "
/ [ 1siI (1 + —2) du, (s) < oo. (2.46)
RM A\ \i= En
For | = L...om,and o = (o1,...,an), &; € Zt,i = 1,...,N, |a]| =
SN i =J, call
N
Conj = fR [siane ). (2.47)
i=
Then
m
[m] — [m] . _ _ [m] Ca.n.ffa (X)
H ER =00 (fro = f =3 80 Y0 (2.48)

N
=1 =7
J lo|=j | |Oli!
i=1

1,x

1 A Isl, )"
< 3 |5 [t [ (T ) (14 552) a0
lel=m Ha| RN e En
i=1

As &, — 0, we get H Er[”,'l] ||1 — 0 with rates.
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From (2.48) we get

o s — |

N ‘ca.n.f‘
SZ)‘S% Yo Il | + RHS. (2.48),
= la‘=jl_[06i!

i=1

giventhat || fy||, < oo.la| = j, j =1.....m.

Asn — oo, assuming §, — 0 and c,, - — 0, we obtain ||9r[’ﬁ]f — le — 0,

that is 0,[’;:] — I in L\ norm, with rates.

2.3 Applications

Let all entities as in Sect. 2.2. We define the following specific operators:

(a) The general multivariate Picard singular integral operators:

P (fix, .. xn) w Z ], (2.49)
(25,1 -
(E )
/ fx1+s1j,x0+82),....xny +syj)e ds;...dsy
RN
Notice that
1 i; Isi |
e & dS1 - dSN =1, (250)
Q&))"
see [1].

(b) The general multivariate Gauss—Weierstrass singular integral operators:

WL (fixp, . xy) = —— Za[’”l (2.51)

) =

: )

i=1

[Nf(xl + 51, X2+ 82j, ..., xy +syj)e B dsp...dsy
R
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Observe that v
1 _ (’Elxiz)
— /N e B ds;...dsy =1, (2.52)
(V&) "
see [7].

(c) The general multivariate Poisson—Cauchy singular integral operators:

U (fixn..oxy) = WY Za[m] (2.53)
j=0

1
f(x1+s1j,...,xN+ij) ——ds; ... dsy,
RN ll:[l (SiZOl_;r_ I%og)/S

witha e N, § > M, and
I 201
W, = l(ﬂ ) o - (2.54)
T'(5) T (B—2)
see [8].
Notice that
wh sp...dsy =1, 2.55
A;N H 520 EZO[ W ( )
l
see [8, 13], p. 397, formula 595.
(d) The general multivariate trigonometric singular integral operators:
Tr[’;’] (fixt,...,xn) =AY Za[m] (2.56)
28
sin (E )
/ fx1+s1j,... xN+sN])1_[ dsy...dsy,
i=1
where § € N, and
1—28 8 ’ k kb1
Ap =28, P (=D B -1 ——mm———, (2.57)
" ,; (B—K)L(B + k)

see [9,10], p. 210, item 1033.
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Observe that

N (sin (—‘L> i
AN / [T —2] asioodsy =1 (2.58)
n RN 1. N ) .

i=1 Si
see also [9, 10], p. 210, item 1033.
One can apply Theorems 2.4, 2.6, 2.8, and 2.10 to operators Pr[fg], Wr[’,f]

Ur[f’,f], T,.[.’,’;] (special cases of 9,%1) and derive interesting results.
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Chapter 3

Global Smoothness Preservation

and Simultaneous Approximation

by Multivariate General Singular Integrals

In this chapter, we continue with the study of multivariate smooth general singular
integral operators over RV, N > 1, regarding their simultaneous global smoothness
preservation property with respect to the L, norm, I < p < oo, by involving
multivariate higher order moduli of smoothness. Also, we present their multivariate
simultaneous approximation to the unit operator with rates. The derived multivariate
Jackson-type inequalities are almost sharp containing elegant constants, and they
reflect the high order of differentiability of the engaged function. In the uniform case
of global smoothness we prove optimality. At the end we list the multivariate Picard,
Gauss—Weierstrass, Poisson—Cauchy and Trigonometric singular integral operators
as applicators of this general theory. This chapter relies on [4].

3.1 Introduction

The main motivation for this chapter comes from [1, 5, 6]. We give here the
multivariate simultaneous global smoothness preservation property of multivariate
general smooth singular integral operators. We study also the simultaneous L,
1 < p =< oo, approximation of these operators to the unit operator with rates.
See Theorems 3.2, 3.4, Proposition 3.5, Theorem 3.8, Corollary 3.9 and Theorems
3.10-3.15. At the end, we list specific operators that fulfill our theory. One can find
many interesting convergence properties based on these results.
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3.2 Main Results

Here r € N, m € Z4, we define

=0 (;)j_m’ ifj=12...r
bm] . _ .

@ v 3.1
1= (=1 (i)i_”', if j =0,
i=1
and
st ="Mk k=12, meN (3.2)
Tt
See that
.
el =1, (3.3)
j=0
and
=y =) (r) = (-1)’ (’) (3.4)
J 0

Jj=1

Let /¢, be a probability Borel measure on R¥, N > 1, &, > 0,n € N,
We now define the multiple smooth singular integral operators

HI[TZ] (f;xl,...,xN) = ZO{EHZ,]/ f(x1 +s1j,x0+ 52,
. = RN

xy + 5w j) dptg, (5). (3.5)

where s 1= (s1,...,5y), X := (x1....,xy) ERV:n.reNmeZy, f : RN - R
is a Borel measurable function, and also (§,), <y is a bounded sequence of positive
real numbers.

Above operators Gr[,’,';] are not in general positive operators and they preserve
constants, see [2].

Definition 3.1. Let f € C (RN), N > 1, m € N, the mth modulus of smoothness
for 1 < p < o0, is given by

wom (f1h), = sup [[AT (), (3.6)

lella<h
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h > 0, where
ATF ()= 3 (1) (’7)f<x+jz>. 37
j=0
Denote
O (1) oo = Om (f1 1) (3.8)

Above, x,t € RV,

We present the general global smoothness preservation result
Theorem 3.2. We assume 6/71(f;x) € R, ¥V x € R. Leth > 0, f € C (RV),
N > 1.

i) Assume wy, (f,h) < co. Then
on (017 £.) 5( o “’”\) won (fh). (3.9)
j=0
ii) Assume [ € (C (RN) N L (RN)) . Then
on (0511 £0) = (Z (aﬁfﬂ\) on (fh); . (3.10)
j=0
iii) Assume [ € (C (]RN) nL, (RN)), p > 1. Then

on (617, )_( ol ]‘)wm(fh)p G.11)

Proof. We recall (x € RMY, N>1)
6l (f:x) = Za“’”/ (x +57) dpte, (5).
We see (t € RY)

A (05 (fi0) = (=1 (’7) O (fix + j0) (3.12)
j=0

=> ()" (’7)/ (Z“['"]f X+ jt +Jk)) dpe, (k)
j=0

Jj=0
(3.13)
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—Za[’"]/ (Z( " ’( ) (X+Jt+1k)) dug, (k)

= Za / (A7 f (x + jk)) dp, (k). (3.14)
That is we find
A" (9,[.;;” (f;x)) Za[’"]/ £ (x + k) dug, (k). (3.15)
Therefore
7 (ol ()| = Z ol /R AL F (x4 JK) | dpe, (k). (3.16)

Jj=0

(a) From the last (3.16), we derive

O (9['"1]" h) ‘aﬁm]] /RN wm (1) dpag, (k) 3.17)
=0

j=

( ol ]\) o (f1).

/RN (/R |A?"f(X+fk)|dx)

proving the claim (3.9).
(b) We see that

[ le

(Gr[ff] (f;x))‘ dx < Xl: ’aﬁrﬂrz]
j=0
x dug, (k)

_Z‘ L]

/ IA7 £, dyae, (k)
RN

= (Z ) A7 £, - (3.18)
j=0
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So we derive

AT (61 () H, = (Z)“Em] ) 1A £ - (3.19)
j=0
which implies
on (0471 1.0), = (Z ‘aﬁml‘) om (£.1), (3.20)
j=0

proving the claim (3.10).
(c) Let p,g>1: %4—3: 1. Then

r

m [m] . [m] m ks
Ay (e ’X))HN 5]2 . ' /I;N A7 (x + k)| dug, (k) N
(3.21)
= - [Nl;ﬁ] Am Tk
S(LL (L s
Po\d
x due, (k)) dx) (3.22)
’ [J;l] m T'k P
x dus (k)) dx) ’
— 3ol A 1 "d)
f=o‘aj’r (/JRN(RN| P et R dx
x due, (k))"
=Y fo (/R 1A7 712 due, <k))”
=0
= (Z ol ) 1a7 71, (3:23)
j=0
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That is
Jar (o) = (X)) nar s, (3.24)
j=0
Now clearly (3.24) proves (3.11). O

Remark 3.3. Letr = 1, then a([)'ﬁ] =0, ag’ﬁ] = 1. Hence

o= [ Ferods @ =0 629)

By Theorem 3.2, we get

Theorem 3.4. We suppose 6, (f;x) € R, Vx € R Leth >0, f € C (RN),
N >1.

i) Assume oy, (f,h) < 0o. Then
wm (On f. 1) < om (f 1) (3.26)
ii) Assume f € (C (RV) N Ly (RY)). Then
m (On fo 1)) < 0w (fi); . (3:27)
iii) Assume f € (C (R¥)N L, (RY)), p > 1. Then
Om O f 1), < 0 (S 1), (3.28)

Next, we get an optimality result

Proposition 3.5. Above inequality (3.26):
m (On f.h) < wm (f. 1)
is sharp, namely it is attained by any
S =x j=1....N x=(x1.....xj.....xy) € RY. (3.29)

Proof. We observe that (for x,t € RV)

AP FE () =Y (=)™ (rl”) (x; +it;)" (3.30)
i=0

=ml?, j=1....N.
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So that

W (f»*,h) = sup m! |tj|m = m! sup |t,~"" =m!h". (3.31)
llella<h el <k
Also
a7 (6 (1)) = A; } (8717 @+ 5)) dpzg, ) (3.32)
=/ m!t}”du;n (s) = m!t;”, j=1,...,N, etc,
RN
proving the claim. O
We need
Theorem 3.6. Let f € C'(RM), N € N. Here, s, is a Borel probability
measure on RV, &, > 0, (£,),en @ bounded sequence. Let B := (Bi,...,Bn),
BieZt,i=1,..,N;|pl =", B =1 Here f(x+5j), x,s € RV, is
W, -integrable wrt s, for j = 1,...,r. There exist g, -integrable functions h;, ;,

hﬂl.iz,_h hﬂ1./32.i3,jv . vhﬂl.ﬂz ,,,,, BN—LiNn.j = 0 (j = 1,...,r)on RY such that

N (x +5j)

7 <hi,j(s). h=1....5. (3.33)
1

99+ f (x + 5j)

3x;23)€11 = hﬂl.iz,j (S) o 2= 1’ s vﬂZv

3,51+,52+...+/3N—1+iNf (x +5j)

Xy axBNr L ox ox

= hﬂhﬂz ----- BN—1iN ] (), in = L---»,BN,

Vx,s € RV,
Then, both of the next exist and

(05 (1200, = 657 (i) (3.34)

Proof. By H. Bauer [7], pp. 103-104. O
Corollary 3.7. (to Theorem 3.6, r = 1) It holds

(6n (f:))5 = 6a (fp:x). (3.35)

We present simultaneous global smoothness results.
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Theorem 3.8. Let h > 0 and assumptions of Theorem 3.6 are valid. Here y = 0, f3,
(0=1(0,...,0)).

i) Assume w,, (fy h) < 00. Then

((9}2’](f))y,h)§ ‘a["’]‘ o (f.1). (3.36)
=0

j=

ii) Additionally suppose f, € L (]RN) . Then

(62 ), ) <

1

on (£ 1), - (3.37)

j=0

iii) Additionally suppose f, € L, (RN ), p > 1.Then

ou ((651), 1) = 0\ Sl ou (), G3®)

j=

It follows

Corollary 3.9. Let h > 0 and assumptions of Corollary 3.7 are valid. Here
y =0,p.

i) Assume wy (fy.h) < co. Then
O (00 (1)), 1) < 0 (fyoh) - (3.39
ii) Additionally assume f, € L (RV) . Then
O (00 (), 1), < @ (S 1), - (3.40)
iii) Additionally assume f, € L, (R"), p > 1. Then
@ (00 (f))y 1), < 0 (fy.h), - (3.41)

Next comes multi-simultaneous approximation.

Theorem 3.10. Ler [ € cmtl (RN), m,l, N € N. The assumptions of Theorem
3.6 are valid. Call y = 0, B. Assume H Jy+a| o < 00 and

N r
L)
i=1 n
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foralle; € ZF, j = 1,...,N, |o : Zﬁv \o; = m, where i, is a Borel

probability measure on RY, fol’ & > 0, (§,),en bounded sequence.
For J =1,....m anda = (a,...,ay), & € Zt,i =1,....N, |a| =
Z{VZI a =7, call

Cont / l_[s“’ dueg, (s) . (3.42)

Then

(85 r9), = £ 0 ZS[’”] > % (3.43)

Proof. Based on Theorems 6 and 9 of [2]. |

Theorem 3.11. Let f € C} (]RN), [,N € N (functions [-times continuously
differentiable and bounded). The assumptions of Theorem 3.6 are valid. Call

y =0, B. Suppose

f (1 + m) dpg, (5) < oo. (3.44)
RN gn
Then

H 9[01 f —f, ” ( (1 + ”;i) due, (s)) o (fy ). (345)
Proof. By Theorems 6 and 11 of [2]. O

‘We continue with
Theorem 3.12. Let f € C m+l (RN ) ,m,l, N € N. The assumptions of Theorem
3.6 arevalid. Call y = 0, B. Let f(,44) € L, (RN), | =m, x € R, and p.q >
1: % + % = 1. Here, s, is a Borel probability measure on RN for &, > 0, (£,),en

bounded sequence. Assume for all o0 = (ay,...,ay), o; € ZV, i = 1,...,N,
|| := ZIN=1 «; = m we have that

N
[RN ((]_[Is,wai) (1 + ”gi) ) dug, (s) < oo. (3.46)
i=l1 n
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For | = I....m, and a = (a1,...,ay), @; € Z*t,i = 1,...,N, |a| :=
SN o =J, call

Comf = / Hsa‘d,ugn (s). (3.47)
Then

ORI ACE 28[’"] 3 Gnglrel
W=7 e

i=l px

1
5(%) P — (3.48)
(¢ (m=1)+ 13 lw_m( a,!)
Ll

[/ [(U' ') (1+ %)}dus (s)]; 0, (frrata),

Proof. By Theorems 6 and 4 of [3]. O
We give also

Theorem 3.13. Let f € C! (RN) , 1, N € N. The assumptions of Theorem 3.6 are
valid. Cally = 0,p. Let f, € L, (RY), x e RV; p.g > 1: % + ql = 1. Assume
Wg, probability Borel measures on RY | (&,),en > 0 and bounded. Also suppose

/ (l + m)m dpug, (s) < oo.
RN En

Then

H(elfﬂf)y—fy ps( /. (1+ ”;”2) dpe, (s)) o (fo8),.  (349)

Proof. By Theorems 6 and 6 of [3]. O

Theorem 3.14. Let f € C! (RN) , 1, N € N. The assumptions of Theorem 3.6 are
valid. Call y = 0,B. Let f, € L, (RN), x € RN, Assume g, probability Borel
measures on RN , (€,), ey > 0 and bounded. Also assume
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/ (1 + w)’ dpug, (s) < oo.
RN En

= (/ (] + m) d;l,& (S)) r (fy’ En)l . (3.50)
1 RN &

Proof. By Theorems 6 and 8 of [3]. O

Theorem 3.15. Let f € cmtl (RN), m,l, N € N. The assumptions of Theorem
3.6 are valid. Call y = 0, B. Let f(,4a) € Ly (RN), la| = m, x € RN. Here, u,
is a Borel probability measure on RY for &, > 0, (§,),ey is a bounded sequence.
Suppose forall @ := (ay,...,ay), o € ZT,i =1,....N, |a| := va=1“i =m,

we have that
X lIsll, )"
/ <<]_[ |si |°‘f) (1 + —2) )d% (s) < o0. (3.51)
RY A\ \i=) n

For j = 1,....m and a = (ay,...,ay), i € ZT, i = 1,...,N, |a| :=

Then

H CHO) A

Con 7 / ]‘[ s¥due, (5) . (3.52)

<

Then

(0 (f:x)) — fy (@) - 28[’”] 3 —C“””71]VQV+“) ) (3.53)
= e
i=1

1,x

@r (fy+arn), / (]_[I ,|“’) (1 +H"§i) dpg, (s) -

=
- N
|la|=m Hal!

i=1

Proof. Based on Theorem 6 and Theorem 10 of [3]. O
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3.3 Applications

Let all entities as in Sect. 3.2. We define the following specific operators:

(a) The general multivariate Picard singular integral operators:

PYI(fixi,. .. xy) = NZ . (3.54)
(28)

N

Zl‘!‘
/Nf(xl + 8517, X0+ 82), ..., xy +syj)e S dsy...dsy.
R

(b) The general multivariate Gauss—Weierstrass singular integral operators:

WL (fixpe. . oxy) = —— Za['"] (3.55)

)

N
)3 2)
i=1

/Nf(x1 + 817, X2+ 82, ..., xy +syj)e @ dsp...dsy.
R

(c) The general multivariate Poisson—Cauchy singular integral operators:

Un (fixi,.xy) = WNZa[’”] (3.56)

dS] ...dSN,

S +sij,.oxv+sy) || ————
/ zljll 20!+§-’%a)ﬂ

. 1
withae e N, § > 3 and

r(g)ag!

W, = ; T (3.57)
T ()T (8- 3%)
(d) The general multivariate trigonometric singular integral operators:
T (fix e xw) =4y NZa[”” (3.:58)

28
sm( )
/ fxi+s1j,... xN+sN])H dsy...dsy,

i=1
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where § € N, and

B K2p-1
Ay =26 (=P B (- ( (3.59)
k=1

B—k)(B+k)!

One can apply the results of this chapter to the operators Pr[f';], Wr[’,?] Ur[fZ], Tr[Z’]

(special cases of 6!

7)) and obtain interesting results.

3.4 Conclusion

The approximation results here imply important convergence properties of operators

6! to the unit operator.
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Chapter 4
Multivariate Voronovskaya Asymptotic
Expansions for General Singular Integrals

In this chapter, we continue with the study of approximation properties of smooth
general singular integral operators over R, N >1. We present multivariate
Voronovskaya asymptotic type results and give quantitative results regarding the
rate of convergence of multivariate singular integral operators to unit operator.
We list specific multivariate singular integral operators that fulfill this theory. This
chapter is based on [2].

4.1 Introduction

The main motivation for this chapter comes from [3-5]. We give here multivariate
Voronovskaya-type asymptotic expansions regarding the multivariate singular inte-
gral operators, see Theorem 4.2 and Corollaries 4.3, 4.4. In Theorem 4.6, we present
the simultaneous corresponding Voronovskaya asymptotic expansion for these
operators. The expansions give also the rate of convergence of multivariate general
singular integral operators to unit operator. In Sect. 4.3, we list the multivariate
singular Picard, Gauss—Weierstrass, Poisson—Cauchy and Trigonometric operators
that fulfill the main results.

4.2 Main Results

Here r € N, m € Z, we define

G (r.)j_'", ifj=12....r
J

- , 4.1)
" 1—2(—1)"" (r)i—m ifj =0
, i ' '
i=1
G.A. Anastassiou, Approximation by Multivariate Singular Integrals, 47
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and
.
5" :=Za[";]jk, k=12,..meN. 4.2)
Observe that
Zalm] =1, 4.3)
Jj=0
and

By 1>”( )—(1)() (4.4

j=l1

Let ji¢, be a probability Borel measure on RY, N > 1, &, > 0,n € N.
We now define the multiple smooth singular integral operators

9,[’,’1‘](f;x1,.. ,XN) _Za[m]/Nf(xl+S1j7X2+S2j,---,XN +snJj)

x dug, (s), 4.5)

wheres := (s1,....55),x:=(x1,....xy) €eRY;n,reNmeZ,, f :RYV >R
is a Borel measurable function, and also (§,), ¢ 1S @ bounded sequence of positive
real numbers.

The above 0,[_’;’] are not in general positive operators and they preserve constants,
see [1].

We make

Remark 4.1. Here f € C™ (RY), m,N € N. Let! = 0,1,...,m. The Ith order
partial derivative is denoted by f, := % -
i=1,...,Nand|a| =N o =1
Consider g. (t) := f (xo +t (z—x0)),t > 0; x0,z € RV,
Then

where @ = (ay,...,ay), o; € ZT,

g (1) = (Z(zl Xo:)—) I | Geor + 1 (21 = Xo1) ..., Xo
i=l1
+t(zv — xon)) (4.6)

forall j =0,1,...,m
In particular, we choose

2= ...,av) = (X1 + 81/, X2+ 82, ..., XN SN ) = x + 5],



4.2 Main Results

and
Xo = ()C()l, ..
to get gxtsj (1) 1= f (x +1(s))).

Notice g4 (0) = f (x).
Alsofor j =0,1,...,m — 1 we get

a:=(ay,..ay), €L,
N

i=l1

Furthermore, we obtain

gy, O

1
m! Z N
N HO{[!

a:=(ay,..., OtN), ai€Z+,

i=1,..,N, |a|:= E aj=m i=l

i=l1

0<6<1.
For j = 1,...,~m—1, and o = («y,.
la| := 3N i = j, we define

. Xon) = (x1,X2,..

Al

g)gi—)sj (O) = Z N -
HO[,‘!
i=1,....N, |o¢|:=2ai=f i=l1

., XN) =X,

i=1

i=1

Lay), o € Zt i

N
. . o
Conj = Can i= /]RN | |si‘du5n (S1,...,8v) .

i=1
Consequently, we derive

n fon g 0 due, (5)
7!

o ji 3

i=1

v Can Jo ()

N
(H (sij)“f> o).

49

.7

N
(1‘[ (sij)“f) Ja (x40 (s)))

(4.8)

=1,....,N,

(4.9)

(4.10)
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Next, we observe by multivariate Taylor’s formula that

(J ) (m)
0 0
S+ Jjs) = gevjs (1) = Z g””,( ) g‘*",( 3 @11
f=0 ]! m:
where 0 € (0, 1), which leads to
[ s = @) 0 @.12)
m—1 . 1
= .]j Z a n ] fOC (‘x)

£ . N
=t | tel=i (T et
i=1

+i" 0
lor|=m l_[a|

/ Hs“’ Jo (x + 0sj) dug, (s).

Hence

o (f1x) — f (1) = 3 ol f (f (v + ) — £ () dus, (5)

m—1 r

= Zzaﬂ"f]ﬂ 3 _ 1 .. o] @13

N
j=1J=1 lel=7 (l_[“f’)
i=1

D EE T
j=l o] =m 1_[011'! RY =)

i=1

X fu (x + 05]) dpsg, (s)
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m—1  f
= 8 ZN —c“*”j'v/f ) (4.14)
= (1)
i=1
-3 | (1)
N RV \° i
lee|=m 1_[0[[! i=1
i=1
x (Z 1y ( ;) folot esj>) i, (5)
j=1
Thus, we have
m—1 + fo
SR ENEOED I DY CanjJo ) (4.15)

Js 5 N
j=1 lal=Jj l_[ai!
i=l1

N r
= Z Nl / (Hsla) (Z (-1~ (r.)fa (X+9Sj)) dug, (s) .
lo|=m l_[Oli! RV i< J=1 J
i=1

(4.16)

Call .
uxi5 = 20 () st o). @
j=1

Thus,

e ol B 1 L L
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Consider
Ag, = im (4.19)
&
Suppose fy is bounded for all @ : |a| = m, by M > 0. Thatis || fy|looc < M.
Therefore,
r r .
o (x,5)] < Z(j) M=@Q —1)M. (4.20)

j=1

Consequently,

N

S T | /RN(Hmil“f)dua@). @2

N
|a|=m a[! i=1

|As,

i=1

Suppose for |o| = m that

N
& | (H s |) djtg, (5) = p. forany (&),en - (4.22)
i=1
Therefore,
. 1
|Ag | =@ —1)Mp Z — =% >0 (4.23)
lor|=rm (1_[ o ')
i=1
Hence
y
@ <A and @ <AE —0, 4.24)
n gﬂ
where 0 < y < 1,as §, — 0+.
That is
[V
&7 — 0, as §, — 0+, (4.25)
n

which means ¥ = 0 (&, 7).



4.2 Main Results 53

‘We established

Theorem 4.2. Let f € C™ (RY), m,N € Nwithall || fylloe < M., M > 0, all
a:|o| =m. Let§, >0, (§,),ey bounded sequence, i, probability Borel measures
on RN,

Call ¢, 7 = [pn (]_[;\;lsf"') due, (s), all || = j = 1,...,m — 1. Suppose

& Jon (TDS1 1511 ) die, () =< py all e < o = m. p > 0, for any such (§,),exr
Also0 <y <1,x c RN . Then

= Ca.n.ffa (x)

JHGEENIOEDI DY

£ R . N
j=1 =7 (e
i=1

When m = 1, the sum collapses.
Above we assume Gr[fﬁ] (fix)eR VYV xeRVN.

+0(&77). (4.26)

Corollary 43. Let f € C'(RY), N = Lwithall |£| = M. M > 0,7 =
o0

I,...,N. Let § > 0, (&), ey bounded sequence, g, probability Borel measures
on RN . Suppose

Bxl-

5;1/ Isi|due, (s) <p, all i =1,...,N, 4.27)
RN

p > 0, for any such (&,),ey - Also 0 <y < 1, x € RN, Then

O (fix) = f(x)=0(577). (4.28)
Above we assume 9,[_1,1 (f:x) eR, VxRV,
. 2 2 2
Corollary 4.4. Let f € C*(R?), withall | T5| |54 N Tt <M. M

> 0. Let & > 0, (&), en bounded sequence, jig, probability Borel measures on R2.
Call

c =f sidug, (5), ¢ =/ sodpg, (5). (4.29)
R2 R2

Suppose

6 [ st 0. &7 [ s, 0. &7 [ 1l lsldus 0) <5,
R2 R2 R2
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p > 0, for any such (§,),ey - Also 0 < y < 1, x € R%. Then

08 ()~ f (x) = Zaﬁzlj (c (x)+cz—f(x))+o(sz ). @30

We continue with

Theorem 4.5. Let f € C! (RN) I,N € N. Here, ug, is a Borel probability

measure on RN E,, > 0, (§,),ey a bounded sequence. Let B := (Bi,...,Bn),
ﬂ,eZ+,i—1 L NGB = Z_lﬂ,—lHeref(x—i—SJ)xseRN
Mg, -integrable wrt s, for Jj = 1,...,r. There exist ug,-integrable functions h;, ;,

hgisjs Pgy Baisjse--s P B py_ring =0(J =1,....1) on RY such that

' f (x +sj)
E)x;1

<hi1,j(s)» i1=1,...,ﬁ1,

B f (x + 5j)

ax£28x1ﬁl S hﬁlviZsj (S) 9 12 - 1, “ee ,ﬂz,

3,51+,52+...+f3N—1+iNf (x +5j)

< hg g By—ring 8), in=1,...,Bn.

axy axByr ool
4.31)
Y x,s € RV,
Then, both of the next exist and
(610 (r:0)) | = 603 (i) (4.32)
Proof. By H. Bauer [6], pp. 103-104. O

We finish this chapter with

Theorem 4.6. Let f € C" ! (]RN), m,l, N € N. Assumptions of Theorem 4.5 are
valid. Call y = 0, 8. Suppose ny""a”oo <M, M >0, forala: | = m.
Let &, > 0, (§,),en bounded sequence, i, probability Borel measures on RV,

Call Conj = /]RN ( i1 S )d//,gn (s), all o] = = 1,....,m — 1. Assume

E7" Jan ( i=1 Ii] l>dll§n (s) <p alla:la| =m,p >0, forany such (§,),cy -
Also0 <y <1, x € RN. Then



4.3 Applications 55

m—1 -
(e (f;X))y—fy () =Yy s 3 Canf e ) +0(6"77). 433)

£ Jj.r 5 N
j=1 lor|= Hai!
i=1

When m = 1, the sum collapses.

4.3 Applications

Let all entities as in Sect. 4.2. We define the following specific operators:

(a) The general multivariate Picard singular integral operators:

7 Z i @39
(Z b |)

Nf(xl + 517, X0+82),...., Xy +Snj)e o ds;...dsy.
R

P (fixy, .. xy) =

(b) The general multivariate Gauss—Weierstrass singular integral operators:

Wi (fixi, .. xy) = Za['"] (4.35)

)
2

i=1

/Nf(xl + 817, X+ 82, ..., xy +syj)e & dsp...dsy.
R

(c) The general multivariate Poisson—Cauchy singular integral operators:

UM (fixi,... oxn) = WNZoz[m] (4.36)
j=0

1

/ f o +s1j,..., XN+SN])1_[ITM)/SdS1...dSN,
ie
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. 1
witha e N, § > 55> and

r 2ap—1
W, = 1('6) o5 - 4.37)
T(3) T (8- 3)
(d) The general multivariate trigonometric singular integral operators:
T (fixrs. . xn) =AY Za[’”] (4.38)
28
N [ sin (En)
[ fxy+sij,....xy +sy7) ds;...dsy,
RN i=1 Si
where 8 € N, and
1—28 B k J2h!
=2 w(—1 ' — 4.39
g (- )ﬂZ( A syt

One can apply the results of this chapter to the operators P! W[’”] U, [’"] T[’”]

ron

(special cases of Qr[ff;]) and obtain interesting results.
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Chapter 5
Simultaneous Approximation by Multivariate
Complex General Singular Integrals

Here, we present complex multivariate simultaneous approximation for general
smooth singular integral operators converging with rates to the unit operator. The
associated and presented inequalities are in ||-[|,, 1 < p < oo norm and they
involve multivariate related moduli of smoothness. At the end, we list as this theory’s
applicators the special cases of multivariate complex Picard, Gauss—Weierstrass,
Poisson—Cauchy and Trigonometric singular integral operators. This chapter relies
on [2].

5.1 Introduction

Here, we are motivated by [1, 3,4] and expand these works to complex valued
functions. We present simultaneous approximation in |-[|,, 1 < p < oo, of
multivariate general smooth singular integral operators to the unit operator with
rates. At the end, we list specific operators where our theory can be applied. From
our approximation results, one can derive interesting convergence properties of
these general operators. The expansion to complex case is based on basic properties
of complex numbers and complex valued functions.

5.2 Main Results

Here r € N, m € Z, we define
(G (r)] ifj=1,2,....r
lml . _ J

jrt ! (r
1— 1) i~ ifj =0,
S (7)o

i=1

o (.1

G.A. Anastassiou, Approximation by Multivariate Singular Integrals, 57
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and
5 = Za[”’)ﬁ, k=12,...meN (5.2)
See that .
Y el =1, (5.3)
j=0
and
e (! )= (p): (54)

j=1

Let g, be a probability Borel measure on RV, N>1,§ >0,neN.
We now define the real multiple smooth singular integral operators

ol (fixy.... xN)—Za[’"]/ fxi+sij. x4+ 8], ... X8 +58))

dug, (s), (5.5)

where s := (s1,...,58), X i= (x1,....,xy) €eRY:n.r e N,m e Z, f: RN —
R is a Borel measurable function, and also (§,),,cy is a bounded sequence of positive
real numbers.

Above operators Gr[f’,f] are not in general positive operators and they preserve
constants, see [3].

Definition 5.1. Let f € C (RN), N > 1, m € N, the mth modulus of smoothness
for 1 < p < o0, is given by

on (fil)y = s AT S Ol (5.6)
h > 0, where
AP S ()= 3 (1) (’7) £t . 57
j=0
Denote
Wm (f1 h)oo = Wpy (fa h) . (5.8)

Above, x,t € RV,
We make

Remark 5.2. We consider here complex valued Borel measurable functions f :
RY — Csuchthat f = f; +ifs,i = +/—1, where fi, f» : RV — R are
implied to be real valued Borel measurable functions.
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We define the complex singular operators
Ol (f5x) = 01 (fizx) + 16 (fr:x), x e RN, (5.9)

We assume that 9%1 (f]x) eR,VxeRY, j =12
One notices easily that

00 (f5) = 1 () (5.10)
= |08 (i) = i @) + [85) (i) = fo (o)

also
o (fix)—f (X)Hoo’x (5.11)
< | fev- A +]ol mo-fo)
and
oM (f)— f H (5.12)
p
<[obicm—n| +|ekim-n] . pz1

Furthermore, it holds
Jo (x) = fl,a (x) +if2,0t (x), (5.13)
where « denotes a partial derivative of any order and arrangement.

Here based on Theorem 9 of [3], we obtain

Theorem 5.3. Let f : RN — C, N > 1, such that f = fi +ifs, j = 1,2.
Herem € N, f; € C" (RN), x € RY. Assume ”fl"‘”oo < oo, forall a € 77,
k=1,....,N :|o| = Z]ivzlak = m; j = 1,2. Let ug, be a Borel probability
measure on RN, for & > 0, (§,),en bounded sequence. Assume that for all

a = (,...,ay),a € ZT, k = 1,...,N, |a| = Z,ivzlak = m we have
that
- BN
/ [T sl (1+—2) dutg, (5) < oo. (5.14)
RV \; 4 €n
Forf =1,....mand a = (a,...,ay), ax € ZT, k = 1,...,N, |a| :=

S = Jj, call

N
Con = /RN TTsidme, 1o osn)- (5.15)
k=1
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Then

m u m ca,nﬁfﬂt (X)
A GEENIOES I IS i

k=1 00,x

< Z (wr (fl.ougn) + o (f2.avsn))'

N
(ozl ..... aN>O) (l_[ ak!)
la|=m k=1
N r
(/RN (1_[ |sk|°‘k) (1 + ”;i) dpug, (s)) , xeRM.
k=1 "

The m = 0 case follows

Corollary 5.4. Let f : RN — C: f = fi +ifs, N > 1. Here j = 1,2. Let
fi€Cs (RN ) (continuous and bounded functions). Then

ok s —1| = (A; (1 + ”%)rdug,, (s)) : (5.17)

(wr (fl, Sn) + o, (f2»§n)) s

(5.16)

by assuming

/ (1 + m) dpg, (5) < oo. (5.18)
RN €n

Proof. By Theorem 11 of [3]. O

Theorem 5.5 ([1]). Let f € C! (]RN), [N e N. Here, i, is a Borel probability

measure on RV, &, > 0, (£,),en @ bounded sequence. Let B := (Bi,...,Bn),

BieZt, i =1,....,N;|B| = vazlﬁ,- = [. Here, f (x +5sj), x,s € R, is

W, -integrable wrt s, for j = 1,...,r. There exist [ig,-integrable functions h;, ;,
hﬂl,iz.jv hﬁl,ﬁz,h,]’, - ,hﬁl,ﬁz ..... BN—1.iN.j > 0 (] = 1, e, r) on RN such that

I3 :

’M <hi (). h=1.....p. (5.19)

i1
ox,

PHef (x + 5))

axézaxfh <hgij (), i2=1,..., 8,
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aﬂ1+ﬂ2+...+ﬂN—1+iNf (x +5j)

S hﬂ].ﬂz ..... BN—1.iN.J (s)1 lN = 1’---7ﬁN’

axiN axPN St ax X
(5.1)
Y x,s € RV,
Then, bothof the next exist and
(057 (fe) = 057 (i) (5.20)

We give

Theorem 5.6. Let f : RN — C such that f = f, + if,. Here j = 1,2. Let
f; € C"T(RN), m,I,N € N. For f;, the assumptions of Theorem 5.5 are valid.
Call y =0, B. Assume H S+ Hoo < oo and

N r
/RN (]_[ Isk|ak> (1 + H;i) dug, (s) < oo, (5.21)
k=1 n

where |ig, is a Borel probability measure on RV, for &, > 0, (£1),ex is bounded
sequence; for all oy € Zt, k=1,....,N :|a| = Z,ivzlak =m.

For j = 1,....m,and a := (ay,....ay), ar € Z*, k = 1,...,N, |a| :=

N s
> ek = j, call

N
- — 273
Can,] = /RNklj[lsk dug, ().

Then

J.r

(Qr[,'fi] (f: -))y —fO-Y 3 Can.j Srta ()
j=1 '

oo

Z (a),. (fl.y+cu ‘En) + wy (fz,y+a, Sn))

N
(al ozN>()) <l—[ak!)
.\&'\’=m_ k=1
r Isll, )"
/RN I tsel (1+E_) dug, (s) | . (5.22)
k=1 n

Proof. By Theorem 10 of [1]. O
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Also, we have

Theorem 5.7. Let f : RN — C such that f = f, + if>. Here j = 1,2. Let
f; € Ch(RN), I, N € N. The assumptions of Theorem 5.5 are valid for f;. Call

y =0, B. Assume
/ (1 + %) dug, (s) < oo.
RN En

Then
H (o8r) 4 = ( /R ) (1 + ”%) e, (s)) : (5.23)
(wr (fl.}/v gn) + w, (f2.ys gn)) .
Proof. By Theorem 11 of [1]. O

By Theorem 4 of [4], we get
Theorem 5.8. Let f : RY — C : f = fi 4+ ifs. Here j = 1,2. Let f; €
C"(RN),meN, N > 1,with fjo € L, RY), |a| =m,x e RY. Let p.q > 1 :
% + é = 1. Here i, is a Borel probability measure on RN for &, > 0, (€,),cy is

a bounded sequence. Assume for all o := (ay,...,ay), o € Z¥, k =1,..., N,
|| := Z,ivzl Qi = m, we have that
N N\ 7
a 51>
[T1s! 14+ —2 dug, (5) < oo. (5.24)
BY \ \k=1 6
For j = L....m and a = (ai,...,ay), o € Zt, k = 1,....N, |a| :=

ZII{V:1 oy = j, call
N
Comf = /R i k]i[lsz‘f"dusn (s) . (5.25)

Then

[m] . $ [m] Can, 'Nfﬁt ()C)
er.n (f’x)_f(x)_zgjr Z LU Sa

. N
j=1 =7 [T ex!
k=1 P

<

m 1
) ((q(m—1)+1)5> 2 (N ak!)
k=1
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el

(wr (f1.as gn)p + oy (20, En)p) . (5.26)

We further get

Theorem5.9. Let f : RY — C : f = fi+ifp,j = 1,2. Let f; €
(C®Y)NL,RY),N=>=1pgqg>1: %—i— % = 1. Assume [, probability
Borel measures on RY, (&,),en > 0 and bounded. Also suppose

D
/ (1 + m) dpug, (s) < oo. (5.27)
RN Sn
Then
o sl ’
O ()= f H < 1+ dug, () ) - (5.28)
p RN é'_n
(a),. (f1 gn)p + wr (fZ»Sn)p) .
Proof. By Theorem 6 of [4]. O

Based on Theorem 8 of [4], we get

Theorem 5.10. Let f : RY — C, f = fi +ifp, j = 1,2. Let f; €
(c (RN) N L (RN)), N > 1. Assume g, probability Borel measures on RY,
(&1),eny > 0 and bounded. Also suppose

/ (1 + %) dug, (5) < oo. (5.29)
RN En

Then

01 (f) - le < (/RN (1 n ”;ﬁ) dpe, (s))- (5.30)
(wr (f1, )1 + @ (f2,60)1) -

Based on Theorem 10 of [4], we get

Theorem 5.11. Ler f : RY — C, f = fi+ifs, j = 1.2 Let f; € C™(R"),
m,N e N,with f;, € L, (RN), la| = m, x € RY. Here, W, is a Borel probability
measure on RN for & > 0, (£§,),ey is a bounded sequence. Assume for all
a = (ar,....ay), o € Zt, k = 1,....N, |o] := Z]ivzlak = m that we
have
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N r
f ((]‘[ |sk|ak) (1 n ||S||2) )d,u,gn (5) < 0. (5.31)
RN k=1 En

For j = L...om, and a = (a,...,an), ax € Zt, k = 1,....N, |a| =
S = Jj, call

Com 7 = /R Hs]‘:‘dug” (s). (5.32)

Then

m

o0 (fix) = f ()= 8 Z%NJM
= lal=7 Hak!
k=1

1,x

1
<Y | (@ (fie &)y + 0 (frar ) (5.33)

la|=m 1_[ ak!
k=1

N r
/ (1_[ |5k|ak> (1 + m) dpig, (5). (5:2)
RY \i=i n

Basedon Theorem 12 of [1], we get

Theorem 5.12. Let f : RN — C, f = fi+ifs; j = 1,2, with f; € C"(RV),
m,l, N € N. The assumptions of Theorem 5.5 are valid for f;. Call y = 0, B. Let
fi+e € Ly RY), @] =m, x €RY, p,q > 1: 4 + = 1. Here, u, is a Borel
probability measure on RN for &, > 0, (én)n en IS a bounded sequence. Assume for

all o := (ay,...,ay), ar € ZY, k=1,...,N, |a| —Zk | &, = m we have that
. sl )"
/ 1_[ |5y | ¢ (1 + —2) d[l,gn (s) < co. (5.34)
RY A\ \k=1 i
For] =1,....mand a := (a1,...,an), ax € ZT, k = 1,...,N, |a| :=

S =], call

Conf = /Hszkdugn(s).
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Then

CAGEIESACED I DY Ceag Jrre ) (5.35)

< . N
j=1 =7 e
k=1 P

- L) ot
((q (m—1) +1)s ; (N ak!)
k=1

L (ee) 2 ]

(wr (fl.y+av§n)p + wr (f2,y+otv En)p) .

Based on Theorem 13 of [1] we get

Theorem 5.13. Let f : RY — C, f = fi +ifo. j = 1,2. Let f; € C'(RV),
[, N € N. The assumptions of Theorem 5.5 are valid. Call y = 0, B. Let f;, €
L, (RN), xeRY pg>1: % + é = 1. Assume g, probability Borel measures

on RN (&,),en > 0 and bounded. Also suppose

/ (l + ”sllz)rpdu& (s) < oo.
RN €n

< pe, () ) - (5.36)
P RN Sn

(a),. (fl,)/v En)p + wr (f2,y7 E”)p) .

Then

H G

By Theorem 14 of [1], we get

Theorem 5.14. Let f : RY — C, f = fi +ifo. j = 1,2. Let f; € C' (RV),
I, N € N. The assumptions of Theorem 5.5 are valid for f;. Call y = 0, B. Let
fiy € Ly (RN), x € RN Assume g, probability Borel measures on RN, (€)),en >
0 and bounded. Also suppose

/ (1 + @)r dpug, (s) < oo.
RN En
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Then

20), = = ([ (4 52 ame0) o)
(w’ (f1~y’§")1 + oy (f2~,1/’§")1)'

Finally, we have

Theorem 5.15. Let f : RN — C, f = fi+ifs, j = 1,2, with f; € C"T(RY),
m,l, N € N. The assumptions of Theorem 5.5 are valid for f;. Cally = 0, B. Let
Ji+a) € Ly (RN) , la| = m, x € RN. Here i, is a Borel probability measure on

RN for &, > 0, (&1),en is bounded. Assume for all o 1= (a1,...,an), o € AR
k=1,....,N, |a| := Yo, ax = m, we have that
- s\’
/ [T 1sel (1+—2) dug, (s) < oo. (5.38)
RN k=1 Sn
For | = L....om and @ = (ai,...,ay), ox € Zt, k = 1,....N, |a| =
Z,}(\;l ar = J, call
N
Conf "= /R y HS?kdusn (s) - (5.39)
Then
m .
[m] . [m] (’oz,n,_ff()”rot) (x)
(610 (7200) = fy 0= o8| BT (5.40)

N
j=1 la|=J l_[ak!
k=1

1,x

1
=3 | | @ iy &), + 0r (yrata))-

la|=m 1_[ ak!
k=1

N
o sl
/. (k]:[l|sk| )(1+ - ) dpe, (5).

Proof. By Theorem 15 of [1]. O
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5.3 Applications
Let all entities as in Sect.5.2. We define the following specific operators for f:

RY - C.

(a) The general multivariate Picard singular integral operators:

P (fixi . xy) = b, (5.41)
s (zgn N Z

%)

i=1
/Nf(xl + 81, X 4827, ...,xy +syj)e @ dsp...dsy.
R

(b) The general multivariate Gauss—Weierstrass singular integral operators:

WIS (fixn . oan) = —— Za[’"] (5.42)

) =
5

i=1
/Nf(xl + 817, X2+ 82, ..., xy +syj)e & dsp...dsy.
R

(c) The general multivariate Poisson—Cauchy singular integral operators:

UM (fixi,...oxn) =W, Za[’”] (5.43)
. 1
f i +s1j,...,xn +sN])l_[—dsl...dsN,
RN l_l 5:20{)
witha e N, § > 2a, and
r 201
W, = - Pak (5.44)

() T(B=35)

(d) The general multivariate trigonometric singular integral operators:

T (fixi. . xy) = A, NZa[’"] (5.45)
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sin | £

. . &n
/ f(xl—i—slj,...,xN—}—sN])ll _— dsq .
RN Sj

i=1

..dSN,

where § € N, and

kzﬁfl

T

B
M =267 (1P BY (-1
k=1

One can apply the results of this chapter to the operators P,[fg], Wg,"h Ur[f,'}], T,F’,’,’J

(special cases of Gr[fz]) and derive interesting results.

5.4 Conclusion

Our approximation results here imply important convergence properties of operators

Gr[f’;] to the unit operator.
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Chapter 6
Approximation of Functions of Two Variables
via Almost Convergence of Double Sequences

The idea of almost convergence for double sequences was introduced by Moricz
and Rhoades [6]. In this chapter, we use this concept to prove a Korovkin-type
approximation theorem for functions of two variables and we give an example.
Furthermore, we present the consequences of the main theorem. This chapter is
based on [1].

6.1 Introduction and Preliminaries

Let ¢ and /5 denote the spaces of all convergent and bounded sequences,
respectively, and note that ¢ C Il. In the theory of sequence spaces, a beautiful
application of the well-known Hahn—Banach Extension Theorem gave rise to the
concept of the Banach limit. That is, the lim functional defined on ¢ can be extended
to the whole of /o, and this extended functional is known as the Banach limit [2],
which was used by Lorentz [5] to define a new type of convergence, known as the
almost convergence.

A double sequence x = (xj) of real or complex numbers is said to be bounded
if [|x[|oo = sup 7k 1Xik| < oo. The space of all bounded double sequences is denoted
by M,,.

A double sequence x = (xjx) is said to converge to the limit L in Pringsheim’s
sense (shortly, p-convergent to L) [10] if for every ¢ > 0 there exists an integer N
such that |xjx — L| < & whenever j,k > N. In this case L is called the p-limit
of x. If in addition x € M,, then x is said to be boundedly convergent to L in
Pringsheim’s sense (shortly, bp-convergent to L).

G.A. Anastassiou, Approximation by Multivariate Singular Integrals, 69
SpringerBriefs in Mathematics, DOI 10.1007/978-1-4614-0589-4_6,
© George A. Anastassiou 2011
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Let 2 denote the vector space of all double sequences with the vector space op-
erations defined coordinatewise. Vector subspaces of €2 are called double sequence
spaces. In addition to the above-mentioned double sequence spaces, we consider the
double sequence space

Lioi=4x€Q] x| := Z|Xjk| < o0
Jk

of all absolutely summable double sequences.
All considered double sequence spaces are supposed to contain

® := span {e* | j, k €},

where
ejk_ 1 if (j,k)=(l',€),
i1 =

0 ; otherwise.

We denote the pointwise sums >, e, > e* (k €),and Y, e (j €) bye,e¥
and e; respectively.
The idea of almost convergence for double sequences was introduced and studied
by Moricz and Rhoades [6].
A double sequence x = (x;jx) of real numbers is said to be almost convergent to
alimit L if
m+p—1n+q—1

lim sup |— Z Z xx—L| =0 ()
k=n

g—00
r4q man>0| P4 j=m

In this case, L is called the F,-limit of x and we shall denote by F, the space of all
almost convergent double sequences.

Note that a convergent double sequence need not be almost convergent. However,
every bounded convergent double sequence is almost convergent and every almost
convergent double sequence is bounded.

Example 6.1. The double sequence z = (zn) defined by

1 if m = n odd,
Zmn = § —1 if m = n even, 6.1)

0 (m # n);

is almost convergent to zero but not convergent.

For recent developments on almost convergent double sequences and matrix
transformations, we refer to [7-9, 11].

If m = n = 1in (x), then we get (C, 1, 1)-convergence, and in this case we write
xjx = £(C,1,1); where £ = (C, 1, 1)-limx.



6.2 Korovkin-Type Approximation Theorem 71

Let C|[a, b] be the space of all functions f continuous on [a, b]. We know that
Cla, b] is a Banach space with norm

1/ lloo :=sup [f(x)|. f € Cla,b].

x€la,b]

The classical Korovkin approximation theorem states as follows [4]:

Let (7,) be a sequence of positive linear operators from Cla,b] into
Cla,b]. Then lim, |T,(f.x) — f(x)|loc =0, for all f € C[a,b] if and only if
lim, |7, (fi,x) — fi(¥)]loo = 0, fori = 0, 1,2, where fo(x) = 1, fi(x) = x and
for(x) = x2.

Quite recently, such type of approximation theorems are proved in [3] for
functions of two variables by using statistical convergence. In this chapter, we use
the notion of almost convergence to prove approximation theorems for functions of
two variables.

6.2 Korovkin-Type Approximation Theorem

The following is the F,-version of the classical Korovkin approximation theorem
followed by an example to show its importance.

Let C(I?) be the space of all two dimensional continuous functions on / x 1,
where I = [a, b]. Suppose that T}, , : C(I1?) — C(I?). We write T,,,(f;x, y) for
Tmn(f(s,t);x,y); and we say that T is a positive operator if T(f;x,y) > 0 for
all f(x,y)>0.

Theorem 6.2. Let (T;i) be a double sequence of positive linear operators from
. m+p—1 ntg—1

C(I%) into C(I?) and Dy pg(fix,y) = pl—q I i T (f X, p).

Then for all f € C(I?)

F- lim ‘Tj,k(f;x,y)—f(x,y)” =0, i.e.
Jj.k—00 00
lim H Dy pg(fix,y)— flx, y)” = 0, uniformlyinm,n. (6.2)
P.g—>00 oo
if and only if
lim H Dy pqg(lix,y) — IH = O uniformly inm,n, (6.3)
p.q—>00

o0

= O uniformly inm,n, (6.4)

lim Dm,n,p.q(s;x» )’) - X
p.gq—>00 00
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lim
p.g—>00

Dy pgt:x,y)— yH = O uniformly inm,n. (6.5)

e 9]

= O uniformly inm,n. (6.6)

P.4—>00 oo

lim H4Dm,,1,,,,q(s2 + % x, y) — (x2 + yz)

Proof. Since each 1, x, y, x> 4+ y? belongs to C(I?), conditions (6.3)—(6.6) follow
immediately from (6.2). By the continuity of f on /2, we can write | f(x, y)| <
M, —oo <x,y < oo, where M = || f||oo. Therefore,

| f(s,8) — f(x,y)] <2M, —o0 < s,t,X,y < 0. (6.7)
Also, since f € C(I?), for every € > 0, there is § > 0 such that

| f(s,t) — f(x,y)] <€, V]s—x|<dand|t —y| <. (6.8)

Using (6.7), (6.8), putting ¥, = ¥ (s,x) = (s—x)>and ¥, = ¥(t. y) = (1 —y)*,
we get

6.0 = F0e ) < e 2@+ ), Vs — x| < Sand |t — | <5,
This is,
M 2M
—e = 5 (W +92) < fs.) = f(xy) < €+ (U + v).

Now, operating T« (1; x, y) to this inequality since T (f; x, y) is monotone and
linear. We obtain

M
T_;.k(l;x,y)(—e — 28—2(1//1 + 1//2)) < Tjx(l;x, »)(f(s,0) = f(x,y))

2M
<Tjx(l;x,y)| € + 8—2(% + ) ).
Note that x and y are fixed and so f(x, y) is constant number. Therefore

2M
—€Tju(l:ix.y) = = Tju (W + Yoix.y) < Tie(frx.y) = f(x. ) Tja(Lix. y)

2M
<€Tjx(lx. )+ Ti (Y1 +v2:x.y).
(6.9)
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But

Ti(fix,y) = fCe,y) =Ti(fix,y) = fx, )T (L x, )
+ fe )T (ix, y) = fx,y)
= [Tjx(fix.y) = fCe, )Tk (13 x, p)]
+ SO )Tj(Lix, y) — 1. (6.10)

Using (6.9) and (6.10), we have

2M
Tik(fix,y) = f(x,y) <eTjp(l;x,y) + S—ZTj,k(% + Y2 x,y)
+ [ y)(Tix(1ix,y) —1). (6.11)

Now

Tix(n + ¥2:x,y) = Tjal(s —x)* 4+ (1 = y)*: X, y)
= j,k(s2 —2sx +x2 4+ 12 =2ty +y%x,y)
= Tjx(s> + 1% x,9) = 2xTjx(s3x,y) = 2y Tk (15 X, y)
+ (2 + )Tl x, y)
= [Tja(s® + 172, 9) — (% + y)] = 2x[Tj (53 x, ) — x]
= 2y[Tjx(t: %, y) = ]+ (% + ¥ (L x, y) = 11.

Using (6.11), we obtain

M
Tix(fix,y)— f(x.y) <eTjx(lix,y) + 28_2{[Tj,k(52 + 1% x,y) — (x* + y?)]

= 2x[Tjx(s:x,y) — x] = 2y[Tjx(t:x,y) — ]
+ (2 4+ y)[Tjr(Lsx, y) — 1]}

+ [ (T (lix, y) — 1)

2M
=e€[Tjx(lix,y) = 1]+ €+ ?{[T_/.k(s2 +1%x.y)

— (x2 + yz)] —2x[Tjx(s:x,y) —x]
—2y[Tu(t:x,y) — ]+ (> + y)[Tjx(1:x, ) — 1]}
+ fO, (T (1ix,y) = 1).
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Since € is arbitrary, we can write
T2 = f9) = e300 — 1]+ 2 (T2 + 1%, )
— (% + ¥ = 2x[T (53 %, y) — x]
= 2y[Tjx(t:x, y) = y] + (&% + y)[Tja(Lix, y) = 1}
+ e »)(Tjr(Lix, y) = 1).
Similarly,

Dm,n,p.q(f;xv y)— flx,y) = G[Dmﬂ,lﬂl(l;x’ y)—1]

2M
+8_2{[Dm,n,p,q(sz +17x,y) — (P + yZ)]

—2X[Dpp.pq(s:x,y) —x]
_zy[Dm.n.p,q(t§ x,y) =yl
+(.X2 + yz)[Dm,n,p,q(];xs y) - 1]}

+ f(x, Y)(Dm.n.p,q(l;x» y)—1)

and therefore

2 b2
|Dnnptrixn = swn| =(e PG wu)

X Dm,n,p,q(l;x,y)—lﬂ
o0
4Ma
T Dyppg(six,t) —x
o0
4Mb
T Dy pg(tix,y)—y
o0
2M
+8_2 Dm,n,p,q(sz+t2;xay)_(x2+y2) .
o
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Letting p, g — oo and using (6.3), (6.4), (6.5), and (6.6), we get

lim ' Dy pg(fix,)— f(x,¥) H = 0, uniformly in m, n.
p.g—00 oo
This completes the proof of the theorem. O

In the following, we give an example of a double sequence of positive linear op-
erators satisfying the conditions of Theorem 6.2 but does not satisfy the conditions
of the Korovkin theorem.

Example 6.3. Consider the sequence of classical Bernstein polynomials of two
variables

7w j k\[(m\([n\ . _
an s X, = —, / 1—- m=J
Aixn= Y3 f(2 n)<j)(k)x( 0
J=0k=0
x yFA =y k0 <x,y < 1.
Let P, : C(1*) — C(I?) be defined by

Pmﬁn(f;xy y) = (1 +Zmn)Bm.n(f;xv y)a

where (zmn) is a double sequence defined as above. Then

Bm,n(l;xay) =1,
Bm,n(s;xv y) =X,

Bya(t;x,y) =y,

2 2
X —X —
Bm,n(52+t2;x»Y) =x2+y2+7+ : ny |

and a double sequence (P, ,) satisfies the conditions (6.3), (6.4), (6.5) and (6.6).
Hence, we have

Fo- lim_ | Py (f3 %, ) = f(x, 9)]leo = 0.

On the other hand, we get Py, (f50,0) = (1 + zmn) £(0, 0), since By, ,(f:0,0) =
£(0,0), and hence

[P (f 3%, 9) = f(X. ) oo = [Pnn(f30,0) = £(0,0)] = zma| /(0. 0)].

We see that (P,,) does not satisfy the classical Korovkin theorem, since

lim zn, does not exist.
m,n—>00
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6.3 Some Consequences

Now we present here some consequences of Theorem 6.2.

Theorem 6.4. Let (T,,,) be a double sequence of positive linear operators on
C(I?) such that

lr}lrzl ||Tm+l,n+1 - Tm.n+l - Tm—i—l.n + Tm,n” =0. (6.12)
If
E-1im [T, x,y) —t]leo =0 (v=0,1,2,3), (6.13)

where to(x,y) = 1, ti(x,y) = x, b(x,y) = y and t3(x, y) = x> + y> Then for
any function f € C(I?), we have

lim [T (f3 %, ) = f(x, ¥)lleo = 0. (6.14)
Proof. From Theorem 6.2, we have that if (6.13) holds then

Lm | Dy pq(fix,¥) = f(X,¥)|leo = 0, uniformly in m, n. (6.15)
P

We have the following inequality

[T (f3x,9) = f(xX, 2)]loo
=< ”Dm,n,p,q(f;xvy) — f(x, ¥ loo

1 m+p—1 n+q—1 J k
+ E Z Z ( Z Z ”Tot,ﬂ - Tot—l.ﬂ - Ta,ﬂ—l + Ta—l,ﬂ—l ||>

j=m+1lk=n+1 \a=m+1 f=n+1
< Dmnpqg(fix,9) = f(x, 9)loo
p—1qg—1 %

73 sup | Tjk —=Tj—1k = Tjk—1 + Tj—1x—1 ||} . (6.16)

j=mk=>n
Hence using (6.12) and (6.15), we get (6.14).
This completes the proof of the theorem. O

We know that double almost convergence implies (C, 1, 1) convergence. This
motivates us to further generalize our main result by weakening the hypothesis or to
add some condition to get more general result.

Theorem 6.5. Let (T,,,) be a double sequence of positive linear operators on
C(1?) such that

(C.1,1) = lim || Ty (t, X) — tolle =0 (v =0,1,2,3), (6.17)
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and

1m{wpm Ot pttg 1 (f1X.9) = %1MUWYW}_O(M&

P4 \m=pn>q Pq

where

Omn(fix,y) = mzz Tix(f:x.y).

=0k=0

Then for any function f € C(I1?%), we have

m,n—>

F>- lim ‘

mAfxw—ﬂwa

Proof. Form > p > 1;n > g > 1, it is easy to show that

mn
Dm,n,p,q(f;xv y) = 0m+p—l,n+q—l(f;X, y) + E(Gm+p—l.n+q—l(f;x, y)
—Om—1.a-1(f3%, ),

which implies

Dinpy (fix,y)— 0m+p—l.n+q—l(f; X, y)“

sup
mzpn=q
mn
= Ssup Omtp—tntq1(f;%,¥) =101 (fiX, Y))H (6.19)
m=pnzq P4

Also by Theorem 6.2, Condition (6.17) implies that

(C.1,1)- lim
m,n—>00

Tm,n(f;xvy)_f(x’y)n =0. (6.20)

Using (6.17)—(6.20) and the fact that almost convergence implies (C, 1, 1) conver-
gence, we get the desired result.
This completes the proof of the theorem. O

Theorem 6.6. Let (T,,,) be a double sequence of positive linear operators on
C(I?) such that

s+m—1t+n—1

hmsup— > Z | T — Tixll = O.
mn g; MmN

j=s k=t
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If

E-lim || Ty u(ty, x) —t]leo =0 (v =0,1,2,3).
m.,n

Then for any function f € C(I?), we have
lim | (/3.5 3) = £ (69w = 0.
Proof. From Theorem 6.2, we have that if (6.21) holds then
Forlim | T (f 32, 9) = f(x. )lloo =0,

which is equivalent to

limsup || Dyt mn(f3x,¥) = f(x, )0 = 0.
mn g

Now
s+m—1t+n—1
Tm.n - Ds,t,m,n = mn - Z Z Tjk
mn
/—Y =
s+m—1t+n—1
= Z Z (Tmn_Tj.k)-
mn ~
J=s

Therefore,

s+m—1t+n—1

sup ”Tm,n — Dg i m n”oo =< SUP E E ”Tm n ]k”
8.t
j=s k=t

Now, by using the hypothesis we get

lrjlmsup [T (f:X,Y) = Dsymn(f:X,9)]loo = 0.
Mgt

By the triangle inequality, we have

[ Tnn (fix,9) = fO W) loo S N Tmn(f3%.9) = Dsymn (f X ) |loo
H Dsomn (f3x,¥) = f(x, ¥)loos

and hence from (6.23) and (6.24), we get
tim [ 7.0 (f5%,9) = £ (5, 9 loo = 0,

that is (6.22) holds.
This completes the proof of the theorem.

(6.21)

(6.22)

(6.23)

(6.24)
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